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BUCKLING ANALYSIS FOR STRUCTURAL SECTIONS
AND STIFFENED PLATES REINFORCED WITH

LAMINATED COMPOSITESt

A. V. VISWANATHAN,t TSAI-CHEN SOONG§II and R. E. MILLER, JR.~I

The Boeing Company. Seattle. Washington

Abstrad-A classical buckling analysis is developed for stiffened, flat plates composed of a series of linked flat
plate and beam elements. Plates are idealized as multilayered orthotropic elements; structural beads and lips are
idealized as beams. The loaded edges of the stiffened plate are simply supported and the conditions at the unloaded
edges can be prescribed arbitrarily. The plate and beam elements are matched along their common junctions for
displacement continuity and force equilibrium in an exact manner. Offsets between elements are considered in
the analysis. Buckling under uniaxial compressive load for plates, sections and stiffened plates is investigated.
Buckling loads are found as the lowest of all possible general and local failure modes and the mode shape is used
to determine whether buckling is a local or general instability. Numerical correlations with existing analysis and
test data for plates, sections and stiffened plates including boron-reinforced structures are discussed. In general,
correlations are reasonably good.

NOTATION
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W,U, V,O
x,y,z
Yo, Zo

length and width of plate, Fig. I
cross sectional area of beam
orthotropic modulus of elasticity, equation (2)
distance of the kth layer to the reference plane, Fig. I
distance of kth layer to the neutral plane, Fig. I
moment of inertias of beam about x, y and z axes
torsional constant of beam
total number of layers of a laminated plate, equation (3)
half-wave number in the axial direction
moments, equation (5)
stress resultants, equation (4)
axial in-plane buckling load, Ib/in.
parameter, equation (13)
loads on beam, Fig. 2
orthotropicity constants, equation (2)
displacement matrices, equations (32a) and (40)
element (I, 1) of matrix [Qijr l

, equation (3)
thickness of kth layer, Fig. I
transformation matrix, equations (32a)
torque on beam, equation (22)
displacements of the neutral plane of a plate or beam
Poisson's ratios of orthotropic plate, equation (2)
displacements constants of beam, equation (28)
local coordinates, Fig. 2
distances of offset in y and z directions, Fig. 2
distance of neutral axis of laminated plate, equation (3)
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rectangular (or square), column and diagonal matrices
o( )Nx
wave-mode parameter, equation (13)
in-plane stress components, equation (1)
beam property, equation (22)
warping constant, equation (22)
angle between global and local coordinates, Fig. 2

numbering of lamina layers
quantities related to side of plate at y ±bj2

quantity belongs to beam element, global coordinates
quantity belongs to beam element, local coordinates
quantity belongs to plate element, global coordinates
quantity belongs to plate element, local coordinates
refer to global coordinates
element numbers, Fig. 2
numbering of characteristic roots
refer to offset center S, Fig. 2
along directions of x, y and z, respectively

1. INTRODUCTION

THERE have been numerous publications on general and local instabilities of structure
components under axial compression that are made of flat plates and beam-like elements.
To cite a few, Ramberg and Levy [1] studied open section extrusions in which local in
stability was estimated by buckling of flanges taken as plates with suitable edge conditions
and general instability analyzed by treating the extrusion as a column. Similar approxima
tions were used in Goodman and Boyd [2J and Goodman's [3] studies of bulb-reinforced
flanges. For structural sections, such as Z, T, channels and hat-type sections, and isotropic
plates stiffened by such sections, a usual practice ofanalysis is to treat them as an assemblage
of flat plate elements connected rigidly along the straight boundaries with each element
having the same sinusoidal axial mode. The plate is usually taken as infinitely wide and
the constraints on its sides are then neglected.

Since a thin plate is rather stiff in the in-plane directions, the common junction between
two plate elements can be taken approximately as simply supported as far as lateral
displacement is concerned. This simplification reduces analytical work considerably and
makes possible some approximate solutions such as moment-distribution [4]. However,
when this simple-support assumption is removed, one need not only consider the lateral
displacements at the junction, but also the in-plane motions thereof induced by buckling.
It is possible to derive, in this rigorous manner, a unified approach for a buckling analysis
of structures composed of plate elements which need not distinguish between the so-called
local modes and the general modes. The unified approach which seems to be the most exact
at the present stage of development can be represented, for example, by Wittrick's papers
[5,6]. Some analyses of similar nature but with various degrees of exactness and generality
can be seen in Refs. [7-11].

The present analysis brings the research on stiffened plates and sections another step
forward. Here the flat plate element and the beam element that is used to represent beams,
lips and beads of flanges, have been extended to unidirectional, laminated composites
which, of course, include isotropic material as a particular case. The theory assumes that
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the orthotropic physical properties of each layer of the composites are given, i.e. Ell'
E22 . Gl2 • Vl 2 and V21 (V 21 = Vl2E22/Eld, and the usual Kirchhoff-Love assumption
regarding plane sections is valid. Lips and beads ofa flange are regarded as beams elastically
attached to the side of the flange, and the coupling between axial load and the curvature
change is neglected. If the bead is composite reinforced, its physical properties are calcu
lated in an approximate manner. Effect of residual stress due to bonding which may cause.
prestresses and initial deformations is neglected in the analysis.

Since in most cases where fiber reinforced composites are being used as reinforcements
in structural sections, the direction of the fiber runs in the same direction as the axis of the
section, the stress-strain equations used in the analysis are restricted to this type of ortho
tropicity. This simplification, which does not limit the generality of the present theory.
reduces greatly the complexity of algebraic manipulations in the analysis as well as in the
computer programs. If one needs to accommodate thermal effects and arbitrarily inclined
laminated composites in the analysis, he need only use the appropriate stress-strain
relationships in the beginning of the derivations. These equations are available in existing
literatnre. for example, Refs. [12, 13].

In the ensuing analysis, elastic instability under uniaxial compression on composite
reinforced plates, structural sections reinforced by composites and beaded stiffeners, and
finally, stiffened plates reinforced by composites were studied. Buckled shapes from eigen
vector solutions were calculated which can be used to ascertain local and general type
buckling modes. The analysis and the associated computer programs [14J were correlated
with existing analytical and test results, and particularly from the new test data by Boeing
[14, 15J, of plates, structural ~ections and stiffened plates reinforced with boron composite
laminates. The correlations are reasonably good.

2. BASIC EQUATIONS

In order that readers may be spared from looking for references, possibly with dif
ferent notations, some of the well-known equations are repeated here for clarity. However.
since beams of laminated nature and off-set matching between eccentric elements will soon
be introduced into the analysis, these repetitions will not be numerous.

(a) Equationsfor composite-laminated flat plate elements

For an orthotropic lamina, the stress-displacement equations are given by [13J:

1
0'~j [Q~I? = [Q~J {e} = Q~2

O'xy 0 o

o 11 U,x-zw,xx j
o V,y-ZW,yy

Q~6 U,y+V,x- 2zw,XY

(1)

where the superscript k denotes lamina number and the elastic constants are:

(Q~ I' Q~2) = (Ell' E22)/(I- V21 V12)

Q~2 = V2I E II/(I- V21 V12) = V12 E22/(I- V2I V12)

Q~6 = G12 ·

(2)
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The x, V and z axes for the present orthotropic plate are assumed to be identical with the
principle directions of the laminates 1, 2 and 3, respectively as shown in Fig. 1. A distance
Zn locates the neutral plane with respect to an arbitrary reference plane. This neutral plane
is determined by calculating the resultant ofthe uniaxial forces in the laminas for a constant
and uniform strain across the thickness.

Thus,

(3)

REFERENCE PLANE

2, Y. v
3,2, W

Pb

FIG. I. Sign conventions and coordinates of a laminated plate element and a beam element.

where S~ 1 is the first element of the matrix [Qtr 1, where [Qt], being associated with the
kth lamina, is given in equation (1).

From equation (1), integration over the lamina thicknesses, the stress resultants and
moments in the neutral plane of the plate can be expressed in u, v and w:

jN 11 ] j U,X] jw,xx ]
N 22 = [Aij] V,y - [Bij] W,yy

N I2 U,y+V,x 2w,xy

j
M

11j j U,X j jW,xx j
M 22 = [Bij] V,y -[Dij] W,yy

M I2 U,y+V,x 2w,xy

(4)

(5)
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where the elements of the matrices A, Band D are given by:

I

(Aij' B ii , D i) = L Q~h(1, h~+ 1 + h~)/2,
k=l

(6-8)

where the distance h~ is shown in Fig. 1.
The equilibrium equations for a plate under compression N 11 along x are:

M11.xx+M22,yy+2M12.xy-N11W.xx = O.

The neutral plane displacements are assumed as:

8

(w, u, v) = L (Wi sin a, WiLui cos a, WiLvi sin a) ePi

i= 1

(9, 10)

(11 )

(12)

where a is associated with an arbitrary axial half-wave number m and Pis a function of
the roots Pi of the characteristic equation given in equation (16), and

a = mnx/a Pi = piny/a. (13)

Substitution of equations (12) into equations (9Hll), with the aid of equations (4), (5),
yields

(14)

where

R ll = -All m2+A66P?, R12 = -R21 = (A 12 +A66 )mPi

R 13 = -R31 n/a = [Bllm3_(B12+2B66)mpf](n/a)

R22 = A 22P? -A66m2, R23 = R 32 = [(B 12 +2B66)m2p? -B22P~](n/a)

R 33 = [-N 11 (ma/n)2 +Dll m4 -(2D 12 +4D66)m2p? +D22PfJ(n/a)2.

Expanding the determinant of equation (14), one obtains the characteristic equation:

(15)

(16)

Equation (16) yields eight roots of Pi' in which four roots are the negative of the other
four.

The amplitude ratios Lui and Lvi in equation (12) can be obtained from equation (14):

i = 1.2:'8. (17)
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At a boundary of y constant, Fig. 1, the four displacement quantities (8 w) and
the four stress resultants can be found (Q22 = M22,y +2M12,) as:

w, Q22 sin ex, (q22)i sin ex

U, N 22 8 Lui cos ex, (n22)i sin ex
L W,ePi (18,19)

v, N 12 ,~I Lvi sin iX, (n 12)i cos iX

8, M 22 (rcpJa) sin iX, (m22)i sin iX

where the quantities related to the stress resultants are given by:

(q22)i = [-B12mpiLui+B22Lv,pr +Dl2m2Pirc/a-D22P~rc/a

- 2B66(mPiLui+ m2Lvi) +4D66m2Pirc/a](rc/a)2

(n22)i = [-A12mLui+A22PiLvi+(B12m2-B22pr)(rc/a)](rc/a)

(ndi = [A66(PiLui +mLvi)- 2B66Pimrc/a](rc/a)

(m22)i = [-B12Lu,m+B22LviP,+(Dl2m2-D22pr)(rc/a)](rc/a).

(20)

(b) Equationsfor laminated beam elements

Beads or lips in structural sections, beam-type boron reinforcements and joints with
fillets, such as corners of extruded structural sections, may be idealized as beams. Origin
of coordinates of the cross section is chosen, for convenience, at the geometric center of
the section. The basic material properties involved are the individual lamina constants,
such as m1 and G~3 for the kth layer.

The equilibrium equations for the laminated beams are derived from elementary beam
theory. Consider a beam subjected to a constant axial loading Ph (see Fig. 1) and is con
nected to the side of a plate. Due to the displacements of the plate, the elastic loads acting
along the neutral axis of the beam can be expressed by the displacements u, v, wand
rotation 8 of the axis and the external constant loading Ph' These equations are:

q= = ElIlyy(d4w/dx4)+Ph(d2w/dx2) (21)

dT,/dx = ElIr(d48/dx4)-(G23J-o'lp)(d20/dx2) (22)

dP/dx = Ell A b(d
2u/dx2) (23)

qy = Elllzz(d4v/dx4)+Pb(d2v/dx2) (24)

where 8 of the beam is assumed to be the same as W,y at the edge of the plate.
The stiffness quantities required in these equations are calculated in an approximate

manner as follows:
I

ElIF = L E~lFk
k=l

(25)

where F denotes I yy , lw r or Ah(l~x and l~y are moments of inertia of kth lamina about
the neutral axis of the beam). The torsion constants are

I

G23 J -iilp = L: (G~3Jk-iikl~)
k~1

(26)
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where the applied stress in the kth lamina, denoted by ii\ is calculated on the assumption
that the axial strain is the same in all laminas. The expression for G23J as given in
equation (26) is appropriate for beams whose cross sections are made of concentric
circular layers or concentric rectangular box-type layers. However, it should not be used
for beams whose section is rectangular and composed of layered thin plates, since such
laminas shall deform with different eccentricities towards the shear center of the overall
section of the beam. In lacking an exact torsional stiffness expression for layered composite
rectangular sections, the following approximate equation has been used:

(27)

where A~ is the cross sectional area of the kth layer. Physical properties of these circular
and rectangular cross section beams can be found in Refs. [1,14,16,17].

The buckling displacements are assumed as

(w, e, u, v) = (W sin IX, esin IX, U cos IX, V sin IX) (28)

where IX is equal to mnx/a as given in equation (13). These displacements satisfy the simply
supported conditions at x = 0 and x = a where the external compressive force is applied.

Substitution of equation (28) into equations (21H24) yields

dT)dx = e[E ll r(mn/a)4 +(G 12J - iiIp)(mn/a)2] sin IX = ee2 sin IX

dP/dx = U[EllAb(mn/af] cos IX = Ue3 cos IX

(29)

Singe the beam element is continuously attached to a plate element to form a stiffener,
the boundary conditions applicable to all beam elements are:

(30)

where the right-hand side quantities are given in equations (19); and the upper and lower
sets of signs are for the beam to be connected to the plate at y = 0 and y = b, respectively
(Fig. 1).

(c) Transformations of plate equations and beam equations

Figure 2 shows an idealized eight-element structure where the dash-line configuration
is the cross-section of the structure and the solid lines are the neutral planes. Elements (6)
and (8) are chosen to illustrate conventions for the local and global axes. Forces and
displacements ofelement (6) at end point B shall be transformed to point S and transformed
further into global coordinates for matching with neighboring element. The offsets Yo
and Zo are measured along the positive directions of the local axes. The following are the
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GLOBAL AXES

~ X, uG,(N12JG

F
BG,(M22J

G

Y, VG,TNz2JG

Z, wG,IQ22JG

LOCAL AXES z y

FIG. 2. Idealizalion of an eight-elemenl panel and sign conventions of glubal and local coordinates.

approximate displacement relationships between points Sand B:

W s = W+ Yow. y = w+ Yoe

es = (w)s = w.y = e
(31)

The transfer is a rigid-body motion in three planes when the underlined terms are omitted.
With the underlined terms included, the effect on u-displacement change at S due to curva
tures w.x and v,x in the line passing through B can be included, Physically, this means that
there is no relative slippage between Band S along the x-axis. The effect might be significant
when S is the centerline of a deep beam or a thick plate with large offsets Zo and Yo' Similar
terms are also underlined in equations (34) and (37).

Substitution of equations (18) into (31) and making a coordinate transformation,
one obtains the global displacements for the plate (Bij #- 0):

[1 + yo(npJa)] ePi sin rJ.

(npJa) ePi sin rJ.
= [T]

[Lui - (mnja)(zo +yoL,.;)] eP' cos rJ.

[L"i-zO(npJa)] eP' sin rJ. i=1,2 ..... 8

(32)
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where the coordinate transformation matrix [T] and the column matrix {R I } are:

cos ljJ 0 0 sin ljJ WI

0 1 0 0 W2

[T] =
0 0 1 0

{Rd = (32a)

-sin ljJ 0 0 cos ljJ W8

In the following text, superscripts + and - will be used with some matrices to distinguish
the quantity y of Pi in the matrix according to y = +b/2 or y = - b/2, respectively.
Thus, displacements at the two sides can be written generally as:

{#d = [T] [Xf]{Rd = [Xf]{Rd, (33)

In a similar manner, the forces along the side y = +b/2 when transferred to a parallel
line through S, becomes

(M22)s = M 22 +YOQ22 - zoN22

(N l2 )s = N l2

(N22 )s = N22-yoNI2.x·

(34)

With substitution of equations (19) to equations (34) and making a transformation into
global axis, with ± [T] used for matching at y = ±b/2, respectively, one obtains

(Q22)G

(MdG

(N l2 )G

(N 22)G

±[T]

[(q22) + zo(nd;(mn/a)] eP' sin r:x.

[(m 22 )i +YO(q22)i - zo(n22UePi sin r:x.

(n l2)i ePi cos r:x.

[(n 22 )i +Yo(n I2 Mmn/a)] ePi sin r:x. i= 1.2 •...• 8

(35)

which can be written in a matrix form as:

Y = ±b/2 in Pi of[Xn (36)

For the case of Bij = 0, corresponding equations can be found in Ref. [15].
Similarly, for the beam elements, the displacements and forces at a point B transferred

to a point S with offsets Yo and zo (Fig. 2) are expressed by:

Ws = w+Yoa

as = a

Us = u-zow.x- Yov.x

(dTxldx)s = dTxldx+zoqy-yoq=

(dP/dx)s = dP/dx
(37)
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Substitution of equations (28) and (29) into (37) and making a coordinate transformation
lead to corresponding equations in global coordinates with offsets included:

{dBd = [T][X s]{R 2 } = [X 7]{R 2 } (38)

UBO} = [T][X 6 ]{R 2 } = [X S ]{R 2 } (39)

where {dBa} and {feG} have the same expressions as the left-hand sides of equations (32)
and (35), respectively, and the two square matrices and the column matrix are given by:

0 0 sin a Yo sma U

0 0 0 sma V
[X s] = {R 2 } =

W
(40)

mn mn
0cos a -Yo-cos a -zo-cosa

a a ()

0 sin a 0 -zo sin a

, mn .
0 'I sin rx 0- zo 3--- sm IX

a

0 ZO'4 sin a - YO'I sin a '2 sin a[X 6 ] =
'3 cos a 0 0 0

(41)

, mn . '4 sin a 0 0- Yo 3- SIO a
a

This completes equations for matching of plate elements and beam elements with offsets
included. The unloaded side of a plate that is not in conjunction with other elements may
be free clamped, simple supported or elastically restrained. The forces and displacements
can be referred to the neutral plane of the plate in local coordinates. Take the clamped and
simple supported cases as examples. From equations (18) and (19), they are. respectively

S

(w, w,y. u, N d = L W; e1i'(1, mn/a, Lui' (nn») = 0
i= I

S

(w, M 22' U, N 22) = L ~ eP'(1, (m 22 )i' Lui' (n22)i) = 0
i= I

which may be written respectively as

(42)

(43)

[X~J{Rd = 0, [Xto]{Rd = 0 y = ±b/2 in Pi' (44)

(d) Buckling criteria
The criteria of buckling can be given in terms of critical strain or critical load intensity.

For composite reinforced stiffened plate, the critical load per unit length is different for
different plate elements for constant axial shortening. The critical strain ecr is defined as
the uniform axial strain ex in equation (1) at the instant ofbuckling such that the orthogonal
stress 0"; in the kth lamina. and all the other laminas. is zero while the sum of the axial stress
O"~, through the thickness of the plate, is equal to the applied uniform line load NIl' Thus,
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by inverting equation (1) and putting O"~ and O"~y equal to zero, one arrives at an expression
of the critical strain

eer = ex = Nll/Ltl (tk/S~l))'
If one assumes that the orthogonal stress resultant N 22 is zero, instead of lamina stress
O"~ in each lamina is zero, one arrives at the more familiar equation for orthotropic plate

(46)

(48)

These two equations will produce the same critical strain criteria, since prebuckling
deformations are ignored in the present analysis.

3. STIFFNESS APPROACH

In the previous approach, the matching between neighbouring elements at a junction
is based on satisfaction of both forces and displacements. The eigenvectors in the resulting
buckling equation are the displacement parameters, {R l } and {R 2 } of equations (32a)
and (40). It has the advantages of a direct, simple derivation, no matrix inversion and is
convenient for buckling-mode plots. However, when the structure involves a large number
of elements, a smaller buckling determinant is preferred. This can be achieved by further
manipulations of the calculated quantities to eliminate the {R d and {R 2 } parameters and
use the displacement vectors at the junctions as the eigenvectors in the buckling equations.
This is the stiffness formulation and will be described simply in the following.

For a plate element which has only one lateral side connected to other elements, the
free side can be taken as elastically restrained where the external elastic force (or moments)
can be varied from 0 to infinity to simulate a no-force to no-displacement condition.
This arrangement permits a single formulation to represent all the classical homogeneous
boundary conditions and is very convenient in programming [6J.

The spring force vector which is proportional to the displacement vector is given by,

Uid = -I k± J {did = -I k± J [X~]{Rd (47)

where the + and - signs in the superscript refer to the free side at y = +b/2 and y = - b/2,
respectively. Thus, for example, 1 k- J is a diagonal matrix for the four spring constants
when side y = - b/2 is the side not connected to other elements. [X~J are given in equation
(33).

Equating UiG} of equation (47) to that of equations (36) and using equations (33), one
can solve for {Rd, which, after substitution in equations (36), yields the stiffness matrix:

=+= _ =+= [[X1] + 1 k± J [X~ J] -1 j-:-1
U PG} - [X4 J [X =+= J _

3 {dtG}

where the upper superscript is used when matching of equilibrium with other elements
is done at y = - b/2 and the lower superscript is used when matching is at y = +b/2.

The stiffness matrices for a plate with both sides to be matched with other elements are:

(49)
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The stiffness matrix for a beam element can be found from equations (38) and (39) as

(50)

Equations (48H50) are the required stiffnesses where the nodal displacements form the
eigenvectors in the buckling equations.

It is appropriate to note here that because of the additions of the underlined terms in
equations (31), (34) and (37), which modified the classical rigid-body transformation
between offset nodal lines, there is no slippage along the x direction between offsets.
It can be shown that the stiffness matrices thus obtained still maintain the condition of
symmetry as is required by the reciprocal theorem for linear elastic systems. In the stiffness
approach, the eigenvectors of the buckling determinantal equations are the nodal displace
ments which is smaller in number than the displacement parameters. Consequently, the
final buckling determinant is much smaller in size by using the stiffness approach than the
parametric method. However, to derive the buckling mode as based on the nodal displace
ments, more calculations are required than if the displacement parameters of each element
are known. Therefore, both versions have relative advantages.

4. EXAMPLE

The eight-element stiffened plate as shown in Fig. 2 will be used as an example to derive
the buckling equations where the deflection parameters are the eigenvectors. For illustrative
purpose, assuming that the left- and the right-hand sides of the plate are respectively simply
supported and clamped, the previous equations lead to the following simultaneous
equations written in a matrix form:

(1) (2) (4) (3) (5) (6) (7) (8)

Xio
Xj -X3
xt Xi

Xj

xt
-X3

X-
4

Xj

xt

-X3
X 3
Xi
Xj

xt

-X3
Xi

X+
9

R I (2)

)=0 (51)
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where the numbers in parenthesis are the element numbers to which the appropriate
quantities belong. The square matrix in equation (51) is the buckling determinant, of order
56 x 56. A common factor of sin IY. and cos IY. (IY. = mnxja) should be taken from the rows
of the determinant.

For a stiffened plate with a number of repeated sections, only a beginning section,
a repeating section and an ending section need to be calculated. Details of such examples
are given in Ref. [15].

The buckling load, or the critical strain, which is the lowest eigenvalue in equation (51),
corresponding to a given value of m, can be obtained by the usual trial-and-error method.
In Ref. [6], a bound method which seems to be a much faster iterative procedure to determine
the buckling load has been suggested for symmetric matrix buckling equations derived
from the stiffness approach.

5. CORRELATIONS WITH OTHER ANALYTICAL AND TEST RESULTS

In correlation studies with other analytical results, the mathematical model used in
others' analyses will be followed, i.e. whether a stiffener is treated as a beam or a plate
assembly in the present method will be consistent with those in the corresponding references.
All numerical results are obtained by using the displacement-parameter approach.

Figure 3 shows correlation with a simply supported web-flange of local buckling
modes studied in Ref. [18] in which the flange is treated as a plate. It can be seen from Fig. 3
that when the section is reinforced on the outstanding flange by composites, the flange
seems stiff enough to force a node-line at the junction and the approximate analysis of
Ref. [18] which implied such an assumption agrees very well with the present more exact

REF. 18 ANALYSIS

o PRESENT ANALYSIS

o6

~ ~
-"" \

c.:: 5
~

~
~ 4<
0..

<:>
<
9 3

2

0 1 2
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FIG. 3. Buckling of web-flange with and without composite reinforcement at the flange (unit: in.).
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method. However, when the flange is not reinforced, the flexibility at the junction made
the results of Ref. [18] higher than the present method.

Figure 4 shows seven types of aluminum-alloy multi-stiffened plates and truss-core
sandwich panels. The degree of exactness of the analyses in original references varied.
In general, translations of the junctions are omitted while force equilibrium of them are
maintained. Results of correlations are given in Table 1 which seem to be reasonably good.
The higher buckling loads predicted by the present method for panels (6) and (7) are

I 14.35 -I
(I)~~

~2. 0~2. 051 1~6

1- 21.0 ---j
(2)~~

~ 3. 0j:3. 0~ -l11

(4)

C\ ;== C\
"'I---'=~ls-~__.,...-"'--~
• 13.42 i

(6)

FIG. 4. Shapes and overall dimensions of seven types of isotropically stiffened plates and truss-core panels
for analytical correlations (unit: in.).

probably due to the fact that the flanges of the Zee and hat-sections which are in contact
with the base plate are considered as an integral part ofthe base plate in the present analysis
while in the references they are taken as separate. The latter resembles a riveted attachment
while the former is similar to a bonded connection. It is interesting to note that tests
conducted in Ref. [19] showed that the buckling stress of a bonded Zee-section stiffened
plate is 19 per cent higher than a corresponding riveted counterpart. Incidentally, this value
is quite close to the 18 per cent as indicated by panel 6 of Table 1.
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TABLE 1. CORRELATIONS OF ANALYTICAL RESULTS IN LITERATURE AND THE PRESENT METHOD FOR THE SEVEN PANELS

SHOWN IN FIG. 4

Comparison of Buckling load

No. of Length Present
Panel stiffeners (in.) Remarks Reference Referencet method Ratio

6 12·3 Stiffener treated [20J k. = 1·87 1·86(m = 6) 1·01
as discrete plate
Stiffener treated [21J P" = 23,450 (1) 22,432 (1) 1·04
as smeared beam

2 6 15·0 Local mode, [20J k. = 4·30 4·25(5) 1·01
stiffener treated
as plate

3 6 14·4 Case A: [20J (1" = 21·400 21,300(9) 1·01
bw = 1·92 bf = 0·576
Case B: (1" = 42,000 41,600 (6) 1·01
bw = 0·96 bf = 0·288

4 6·0 Case A: te = 0·02 [22J (1" = 16,920 16,954 (7) 1·00
Case B: te = 0·01 [22J (1" = 6070 6019 (9) 1·01

5 8·96 Treated as discrete [23J (1" = 20,400 (5) 19,550 (5) 1·03
plates

6 6 16·0 Treated as discrete [23J (1" = 40,900 (7) 49,800(12) 0·82
plates

7 5 20·0 Treated as discrete [23J (1" = 47,700 (10) 52,500 (17) 0·91
plates

t k. is a buckling load parameter which is proportional to the buckling load, P" is the total load, lb. and (1"

is the stress, psi.

For illustration, the buckling shape of the truss-core panel (4) of Fig. 4 is shown in
Fig. 5. Results corresponding to two core web thicknesses are presented. It shows clearly
that in case A, which has the same core web thickness as the face sheet, the face sheets near
the two free edges of the panel buckled; while in case B, the web is thinner than the face,
and the core in the center of the panel buckled first. Usefulness of the buckle shape plot to
aid design is evident.

0.02 INCH 0.02

I

CASE A

0,02 INCH 0.01

CASE B

FIG. 5. Buckling shapes of two truss-core sandwich panels with different web thickness: case A, panel 4
in Fig. 4, core-restrains-face type (core web thickness = 0·02); case B, panel 4 in Fig. 4, face-restrains-core
type (core web thickness = 0·01). Note: the relative amplitude of each element of the buckled shape is

drawn in scale.
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In the next paragraphs, correlations are given with available test data on axially
compressed plates, sections and stiffened plates reinforced with boron laminated composites.

Boron-reinforced plates
Table 2 shows test correlations for boron-reinforced plates from three sources. In test

denoted as (1), from Ref. [24], the specimens are all-composite laminated, 20-ply plates with
dimension 11 x 9·95 in. In test (2), plates are similar, with dimension 10 x lOin. In tests (3)
by Boeing [15], a total of 48 specimens divided into sixteen groups were tested. Half of the
specimens were symmetrically laminated, with titanium layer in the middle and boron
laminates on both sides; and the other half specimens were unsymmetrically laminated.
Load edges are clamped. The analytical prediction is based on the measured layer thickness
of each specimen but the test load and the analysis load as given in Table 2 are the average
of the three specimens in each group. The scattering of the test correlations is believed
due to less-than-exact boundary constraints and also due to difficulties in interpreting the
accurate buckling load from test load-deflection curves.

TABLE 2. TEST CORRELATIONS FOR BORON REINFORCED RECTANGULAR PLATES

Buckling load Buckling load
(lb/in.) {lb/in.)

Plate
No. Composite Present Present

in Ref. information Test analysis Ratio Test analysis Ratio

(I) Tests reported in Ref. [24J (unloaded edges simply supported) (unloaded edges free)
404 Fiber II to load 271 286·5 0·95 199·0 206·5 0-97
405 Fiber .1 to load 251 217·0 1·16 23·3 22·6 1·01

(2) Tests reported in Ref. [25J (load 11 to 0°-axis) (load .1 to 0°-axis)
I oand 90" alternate 1130 1170 ()'97 960 990 1·\7
4 Same 740 730 1·01 720 617 \·\6
5 All fibers parallel 1240 1210 \·02 435 304 \·43

20 Same 1370 1335 \·03 420 336 \·25
(3) Tests reported in Ref. [\5J (unloaded edges simply supported) (unloaded edges free)

8A Unsymmetrically 3625 3766 0·96 700 799 0·87
laminated

8B Same 3625 4229 0·86 75\ 925 0·81
8C Same 3243 3794 0·86 709 843 0·84
8D Same 4\67 4613 0·90 838 1023 0·82
8E Symmetrically 3805 4433 0·86 1163 1595 0·73

laminated
8F Same 4397 5199 0·85 1317 1778 0·74
8G Same 4795 5237 0·92 1120 1724 0·65
8H Same 4082 4432 0·92 1002 1229 0·82

The physical properties of boron composites and titanium used in the analysis for
Boeing test specimens are:

TABLE 3

Boron-epoxy BP 907

Ell = 29·117 X 106 psi
En = 2·341 x 106 psi
G = 0·75 X 106 psi
Yl2 = 0·2467
Density = 0·072 Ib/in. 3

Titanium 6AI-4V

E = 16·4 X 106 psi
G = 6·2 X 106 psi
Y = ()'3
Density = 0·158 Ib/in. 3
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Boron reinforced structural sections

Figure 6 shows five types of Boeing test specimens of structural sections. All are titanium
except 9G-l and 9H-l which are Al alloy, reinforced with unidirectional boron composite
strips and rods. Ply thickness is 0·0053 in. and adhesive thickness is 0·018 in. More details
are given in Table 4.

These test specimens are machined flat at the loaded edges and placed in the testing
machine without any fixtures. Unloaded sides are free. In the analysis, the lips of Z-sections
and the tips of T-sections are idealized as beams while all the other reinforced parts are
treated as plate elements. Test results and correlations are given in Table 5. Except specimens
9A-l and 9J-l, correlations are reasonably good.

Boron reinforced stiffened plates

Figure 7 shows the geometry of three types of Boeing test specimens of boron-reinforced
stiffened plates. They are free at the parallel sides and machined flat at the ends. Specimens
II-A, -C, -E, -G and -I are long plates of 33·7 in., whose skin is instrumented for elastic skin
buckling. Specimens ll-B, -D, -F, -H and -J are short plates oflengths 15·0 in. and tested for
ultimate loads with no intention for elastic initial buckling correlation. In the analysis,
the deep boron strips in plates -A, -B, -G, -H, -I and -J are treated as beams connected to
the two sides of angles, taken as plates; while in -C, -D, -E and -F, the boron strips together
with the immediate skins are taken as plate elements. From Table 6, one sees that all the
predicted elastic buckling loads are lower than the test ultimate loads, except -E and -F,
which are honeycomb sandwich plates whose core was crushed before buckling occurs,
and -I, where the two numbers are very close. In general, the correlations are satisfactory.
The higher predictions may be due to the fact that the boundaries are restrained against
lateral movement by friction only while the analysis assumes no lateral movements.

6. CONCLUSIONS

The present analysis for the instability of composite plates, sections and stiffened plates
with composite reinforcements, is an exact theory in the classical sense. The connections

TABLE 4. DETAILS OF GEOMETRY OF STRUCTURAL SECTIONS IN TEST SPECIMENS FIG. 6

Length Ply t t I b bl r
Specimen type (in.) Nos. (in.) (in.) (in.) (in.) (in.)

9A-l -1 to -4 12·0 8 0·040 1·16 0·03
-5 to -7 20·0 8 0·040 1·16 0·03

9B-l 13-6 12 0·063 1·10 0·12
9C-l 13·6 12 0·063 1·10 0·12
90-1 -1 to -4 12·0 8 0·040 1·16 0·08

-5 to -7 20·0 8 0·040 1·16 0·08
9E-l 13-6 12 0·063 0·43 0·28 0·125
9F-l 12·8 5 0·063 0·50 0·50 0·05
9G-l 6·0 0·012
9H-l 6·0 0·020
91-1 10·0 8 0·063 0·125
9J-l 9·2 3 0·025 0·050
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TABLE 5. TEST CORRELATIONS OF BOEING SPECIMENS OF BORON-REINFORCED STRUCTURAL SECTIONS
(FIG. 6)

Specimenst Average Average Analysis, buckling prediction
ultimate elastic test

No. test load buckling load Load Ratio
Type tested (lb) (Ib) (lb) test/analysis

9A-1 4 8375 3500 (0·0012)t 2390 (0·00051)t(l)§ 1·46
3 5967 2130 (0·0052) 2150 (0·00046)(1) 0·99

9B-l 2 10,170 5900 7010 (0·00098) (1) 0·85
9C-l 3 27,333 19,700 (0·0023) 18,180 (0·0020) (2) 1·08
9D-l 4 9920 5510 (0·0015) 5740 (0·00093) (2) 0·96

3 11,660 5300 (0·0012) 5660 (0·00092) (3) 0·95
9E-l 1 33,300 33,300 (0·0033) 35,890 (0·0058)(1) 0·93
9F-l 1 6900 4300 (0·0020) 4390 (0·0016) (5) 0·98
90-1 2 19,700 17,620 (0·0012) 18,870 (0·0017) (1) 0·93
9H-l 3 21,520 21,520 (0·0073) 23,520 (0·0041) (1) 0·92
91-1 4 37,700 28,250 (0·0043) 28,830 (0·0041) (1) 0·98
9J-l 3 10,910 2270 (0·00085) 1850 (0·00067) (1) 1·23

t All test specimens are titanium except 90-1 and 9H-l which are aluminum.
t Unit strain, in.jin.
§ Axial half-wave number.
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FIG. 6. Cross-section geometry of test specimens of boron-reinforced titanium or aluminum alloy
structural sections. Materials given in Table 5. Ply thickness of boron tape = 0·0053 in. (nominal).

Adhesive thickness = 0·018 approx.
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FIG. 7. Cross-section geometry of test specimens for boron composite reinforced stiffened plates
and stiffened honeycomb-sandwich panel (unit: in.). Thickness ofeach boron tape layer = 0·0053 in.

Thickness of adhesive layer = 0·013 in. approx.

TABLE 6. TEST CORRELATIONS OF BOEING SPECIMENS OF BORON-REINFORCED STIFFENED PLATES (FIG. 7)

Analysis, buckling prediction
No. of Test ultimate Test elastic

Part composite load buckling load Load Ratio
No.t layers (Kips) (Kips) (Kips) test/analysis

ll-A 30 180 {Q.0048)t 129 (0·0028)t 150·8 (0·0033)t (12)§ 0·85
ll-B 30 210 (0·0056) 154·1 (0·0033) (6)
ll-C 20 155 (0·0052) 30 33·5 (0·OOO88) (l4) 0·90
ll-D 20 181 (0·0061) 33·8 (0·OOO89){6)
ll-E 20 III (0·0028) 150·4 (0·0038) (I)
11-F 20 211 (0·0056) 200·5 (0·0051) (1)
11-G 70 356 (0·0043) 257 (Q.0032) 343·4 (0·(J038) (12) 0·75
ll-H 70 461 (0·0056) 345·9 (0·0038) (5)
11-1 70 350 (Q.0042) 325 (0·0026) 351·4 (Q.0038){12) 0·93
11-1 70 232 (0·0028) 349·9 (0·0039) (6)

t All specimens are titanium except ll-A and ll-B which are Al alloy.
t Unit Strain, in.jin.
§ Axial half-wave number.
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among plate and beam elements with offsets and the considerations of the unloaded edges
of the structure are consistent with the linear plate theory and elementary beam theory.

Reasonably good agreement with existing analytical and test data is obtained from
the results of the correlation study. Some scattering in test correlations indicates the degree
of uncertainties in dealing with the composite reinforced stiffened structures. Further
complication arises from the uncertain properties of the adhesive layer which bond the
composite lamina to the metal. When the thickness of the adhesive layer is of comparable
order of magnitude as the thickness of the composites, it could be important to include
the elasticity of the adhesive layer and the effect of the inter-lamina shear into the analysis.

Since the present method combines local instability, which involves only some of the
elements, as well as general instability, which involves the whole structure, the solution
of the eigenvector for the particular eigenvalue (buckling load) is useful. This eigenvector
capability has been included and it would be useful in an optimization analysis where the
weak members which buckled first could be detected and reinforced.
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A6cTpaKT-j],aCTcli KJIaCCH'IeCKHH aHaJIH1 BhmY'lHBaHHlI IIOAKpelIJIeHHhlX IIJIaCTHHOK, CJIOlKeHHhlX H1
PliAOB CB1I1aHHhIX nJIaCTHH H 6aJIO'lHhIX 1JIeMeHTOB. I1AeaJIHpH1ylOTcli IIJIaCTHHKH MHOrOCJIOHHhlMH
OpTOTpOIIHhIMH 1JIeMeHTaMH; paCCMaTpHBalOTCli 60PThl H Kpall IIJIaCTHHOK KaK 6aJIKH. HarpYlKeHHhle
Kpall YCHJIeHHhIX pe6paMH nJIaCTHHOK cBo6oAHO onepThIe. YCHJIHlI Ha HeHarpYlKeHHhIX KpaliX IIpOH1
BOJIhHhIe. nJIaCTHHKa H 6aJIO'lHhIe JJIeMeHThI, BAOJIh HX coeAHHeHHH, IIoAo6paHHhIe TO'lHhIM cnoco60M,
c l.\eJIhlO HCnOJIHeHHlI HenpephlBHOCHOCTH Ae<!>opMaI.\HH H yCJIOBHlI paBHOBeCHli YCliJIHH.

B aHaJIH1e Y'IHThIBaIOTCli OTKJIOHeHHlI MelKAY JJIeMeHTaMH. J.1cCJIeAyeTcli BhIlIY'IHBaHHe IIJIaCTHHOK,
y'IaCTKOB Ii nOAKpelIJICHHhIX nJIaCTHHOK, IIOJI BAHlIHHeM OAHOOCHOH ClKHMaeMOH Harpy1KH. OnpeAeJIlilOTCli
Harpy1KH BhIIIY'lHBaHHlI 60JIee HH1KHe IIO cpaBHeHHIO co BceMH o6we B03MOlKHbIMH.

j],JIli OlIpeAeJIeHHlI BOlIpoca lIBJIlieTCli JIH BhIIIy'lHBaHHe JIOKaJIhHOH HJIH o6weil. HeycTOH'IHBOCThlO,
HCIIOJIh1yeTcli JIOKaJIhHhIe BHAhI BhIIIy'lHBaHHlI. 06cYlKAalOTcli '1HCJIeHHhle KOppeJIlII.\HH MelKAY IIpeAJIO
lKeHHhIM aHaJIH30M H OllhlTHhIMIi pe1YJIbTaTaMH AJIli IIJIaCTHHOK, y'lacTKoB Ii nOAKpelIJICHHhIX IIJIaCTHHOK,
1aKJIIO'Iali KOHCTPYKI.\HH YCHJIeHHbIe 60pOM. CXOAHMHCTh KOppeJIlII.\HH yMepeHHO HaAJIelKawali.


